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INTRODUCTION 
All rings considered in this paper are associative with 1, and all modules 
are unital. 
A ring R is (von Neumann) regular provided that for every x E R there 
exists y E R such that X~.Y = x. 
Recall that a special case of a result of Kaplansky [2, Theorem 10.221 
states that any regular, right self-injective ring is uniquely a direct product 
of rings of Types I,, I,, III, II x , III. We refer the reader to [2] for 
undefined terms on regular rmgs. 
If R is a regular ring, then it is well known that its maximal right 
quotient ring Q’(R) is regular and right self-injective (see [2, Corollaries 
1.2 and 1.241). 
If G is a group and K is a (commutative) field, we denote by K[G] the 
group ring of G over K. We refer the reader to [9] for the general theory 
on group rings. 
Let K[G] be a regular group ring. By following the general theme of 
Hartley’s paper [7], we are able to obtain the main result of this paper 
(Theorem 2.3), which states that the Type I/part of Q’(K[G]) is non-zero if 
and only if [G: d(G)] < 00 and Id(G)‘1 <co. In this case, let M be the 
smallest normal subgroup of G with G/M abelian-by-finite. Then the Type I, 
part of Q’(K[G]) is isomorphic to Qr( K[G/M]). Goursaud and Valette [3] 
proved some special cases of this result, namely when K either has positive 
characteristic or contains all roots of unity. 
It is well known that the maximal quotient ring of a regular ring whose 
irreducible modules are finite dimensional over their commuting rings is 
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Type I, (see [3]). S o our result generalizes a theorem of Hartley [7], 
which states that all irreducible modules over a regular group ring K[G] 
are finite dimensional over their commuting rings iff G is abelian-by-finite. 
However, Hartley’s theorem is used in the proof of our result. 
1. SPECIAL CASES 
Let G be a group and let K be a field. Let H be a finite subgroup of G, 
we denote by J? the sum of the finitely many elements of H in K[G]. It is 
easy to see that if 1 HJ # 0 in K, then fi 1 HI ~~’ is an idempotent of K[G]. 
Furthermore, if H 4 G, then fi (H( -’ is central. 
Recall that K[G] is regular iff G is locally finite and has no element of 
order p in case char K = p > 0 (see [9, Theorem 3.1.51). We shall use this 
result throughout the paper without reference. 
Recall that d(G) = { ge G: [G : C,(g)] < co } is a characteristic sub- 
group of G called the FC-subgroup of G. 
PROPOSITION 1.1. Let K[G] be a regular group ring. Suppose ihat G is 
locally nilpotent. Then the Type I part of Q’(K[G]) is non-zero iff 
[G : d(G)] < cc and Id(G)‘1 < CYJ. In this case the Type I part of Q’(K[G]) 
is isomorphic to Q’(K[G/M]), where M= nL’ and the intersection is over 
all subgroups L of G of finite index. 
Proof Let R be the Type I part of Q’(K[G]) and let F= KC-], 
where fi is a primitive 4th root of unity. Then, by [5, Remark, 
Section 61, S= RQ’(F[G]) is the Type I part of Q’(F[G]). By [9, 
Lemma 12.4.71 and the proof of [3, Theo&me 1.31, we obtain that S # 0 iff 
[G: d(G)] < cc and Id(G)‘] <co. So RfO iff [G: d(G)] < cc and 
Id(G)‘1 < “0. Furthermore, we can see in the proof of [3, Theo&me 1.31 
that S= M [Ml -’ Q’(F[G]). Since A4 IMJ -’ E K[G], it is easy to see that 
R = M IMJ -’ Q’(K[G]), that is isomorphic to Q’(K[G/M]). 1 
We remark that Q’( K[G/M]) (as above) is Type I,. and has bounded 
index of nilpotence. 
If G is a periodic group we denote by rc(G) the set of all primes p such 
that G has an element of order p. If n is a set of primes we say that a 
periodic group is a n-group if n(G) c rc. 
PROPOSITION 1.2. Let K[G] be a regular group ring. Suppose that G is a 
n-group, where n is a finite set of primes. Then the Type I part of Q’(K[G]) 
is non-zero iff [G : d(G)] < CC and Id(G)‘/ < a. In this case the Tylpe Ipart 
of Q’(K[G]) is isomorphic to Qr( K[G/M]), where A4 = (JL’ and the inter- 
section is over all subgroups L of G of finite index. 
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Proof. The proof is a simple modification of the proof of 
Proposition 1.1 using [ 1, Theorem 16.41. 1 
Let G be a group and let K be a field. Let a= C,, G ag g E K[G], and 
recall that the support of a is 
SW’@= {geG:a, #O}. 
Recall that if H is a subgroup of G, the mapping rrH: K[G] + K[H], 
defined by Cge G ug g I+ Ens H ug g, is a homomorphism of K[ HI- 
bimodules. 
The next lemma allows us to restrict the study of the Type I, part of the 
maximal right quotient ring of a regular group ring, Q’(K[G]), to the 
study of the Type I, part of Q’(K[H]), where H is a subgroup of G. 
LEMMA 1.3. Let K[G] be a regular group ring. Suppose that the Type I, 
part of Q’(K[G]) is non-zero. 
(i) Then there exists a non-zero central idempotent UE K[G] such 
that uK[G] has bounded index of nilpotence. 
(ii) if H is a subgroup of G, then the Type I, part of Q’(K[H]) is 
non-zero. 
(iii) Then there exists a subgroup G, of G of finite index and a non- 
zero central idempotent UE K[G,] such that vK[G,] has bounded index of 
nilpotence and Supp v s Z( G i ). 
Proof. If char K= p > 0, the lemma follows by [3, Theoreme 1.31. Sup- 
pose that char K = 0. Since the Type I, part of Qr( K[G] ) is non-zero, by 
[2, Theorem 10.241 there exists a non-zero central idempotent 
w E Q’(K[G]) such that 
wQ’(Kt-GI) = M,,(A ), 
where A is an abelian regular ring. Now J= wQ’(K[G]) n K[G] is a non- 
zero (two-sided) ideal of K[G], and J has index n. By [2, Lemma 7.173 
J contains a non-zero central idempotent u of K[G] such that 
uK[G] z M,(S) for some abelian regular ring S. Thus (i) is proved. 
Since char K = 0, by [9, Theorem 2. I.81 we have rcH(u) # 0. Now since 
utl= au for all a E K[H], we have nn(u)a = arm(u) for all a E K[H]. Thus 
nH(u) E Z(K[ H]), and since Z(K[ H]) is regular [2, Theorem 1.141, there 
exists p E Z(K[H]) such that nH(u) = rrJu)* j?. Now u’= nH(u)P is a non- 
zero central idempotent of K[ H]. We shall see that u’K[H] has bounded 
index of nilpotence. 
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Let u’a E u’K[H] such that (u’a)” # 0 and (~‘a)“+ ’ = 0. Consider uu’a. If 
(&a)” = 0, then 
u( u’a)” = 0, 
n,(u)(u’a)” = 0, 
and 
n”(u) fl(u’a)’ = 0. 
But rcH(u)/? = u’, hence u’( u’a)” = ( u’Con = 0, a contradiction, thus 
(uu’a)” # 0. Now (&a)“+ i = u( u’a)n + ’ = 0, and since uK[G] has bounded 
index of nilpotence, u’K[H] also has bounded index. 
By [2, Corollary 7.41, u’Q’(K[ H] ) also has bounded index, and by [2, 
Theorems 7.20 and 10.241 u’Q’(K[H]) is Type I,, thus the Type I, part of 
Q’(K[H]) is non-zero, and (ii) is proved. 
Consider G, = C,(Supp u); using [9, Theorem 4.3.81 we have that 
[G:G,]<m 
Since char K = 0, by [9, Theorem 2.1.81 xc,(u) # 0. Now there exists y E 
K[(Supp x~,(u))] such that 7cG,(u)’ y= ~~,(a). Now it is clear that u = 
nc,(u)y is a non-zero central idempotent of K[G,] and Supp u E Z(G,). As 
above we have that uK[G,] has bounded index of nilpotence and (iii) is 
proved. 1 
Recall that a group G is an FC-group if G = d(G). A group G satisfies 
Min (minimal condition on subgroups) if every non-empty set of sub- 
groups of G, partially ordered by inclusion, has a minimal member. A 
group satisfies Min-p for the prime p if each of its p-subgroups satisfies 
Min. 
The following lemma is an easy exercise. 
LEMMA 1.4. Let G be a periodic FC-group. Suppose that G satisfies 
Min-p for each prime p. Then G’ is finite iff [G : Z(G)] < cc. 
LEMMA 1.5. Let K[G] be a regular group ring. Suppose that G is a coun- 
table metabelian group satisfying Min-p for all primes p and G’ is locally 
cyclic. Then the Tvpe I, part of Q’(K[G]) is non-zero ijjf G is abelian-by- 
finite. Furthermore, in this case, Q’(K[G]) is Type I, bounded. 
Proof: If G has an abelian subgroup of finite index, as in the proof of 
[3, Theo&me 1.31, we see that Q’(K[G]) is Type I, bounded. 
Suppose that the Type I, part of Qr( K[G] ) is non-zero. By [3, 
Theoreme 1.33 and Lemma 1.4, we may assume char K= 0. 
Case 1. Suppose that rc(G’) is finite. Let A be the subgroup of G’ 
481 II5 1.12 
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generated by all elements of prime order. Then A is a finite cyclic normal 
subgroup of G. Furthermore, as in [9, Lemma 12.4.13, Step 23, C,(A) is 
locally nilpotent. Clearly [G : C,(A)] < co, and by Lemma 1.3(ii), 
Proposition 1.1, and Lemma 1.4, C’,(A) is abelian-by-finite. 
General case. By Lemma 1.3(i), there exists u E K[G] a non-zero central 
idempotent such that uK[G] has bounded index of nilpotence. Set n = 
rr( (Supp u)). Now G’ and G = G/G’ are the direct products G’ = n Gk and 
G = n G, of their p-primary parts. By [9, Lemma 12.4.12(i)], there exists a 
rr’-subgroup P of G such that G’PJG’ = & + n G,. Set Gh, = flp + L Gb and 
consider H= Gh# P. Now H is a rc’-subgroup of G. Since char K= 0, by [9, 
Theorem 2.1.81, X&U) #O and it is easy to see that ~~Ju)E K. As in the 
proof of Lemma 1.3, K[ H] has bounded index of nilpotence. By [2, 
Corollary 7.101, all primitive factor rings of K[H] are artinian. By [9, 
Theorem 12.4.161, H is abelian-by-finite. By using Lemma 1.3(ii) and 
Case 1, it is easy to see that G’P is abelian-by-finite. 
Now G/G/P is a n-group and, by [9, Lemma 12.4.12(i)], there exists a 
rc-subgroup Q of G such that G = G’PQ. By [9], Lemma 12.1.123, G’P has 
an abelian characteristic subgroup B of finite index. Clearly BQ is a sub- 
group of G of finite index. B is the direct product B = n B, of its p-primary 
parts. Set B, = rips R B, and B,, = npc n B,. Consider B, Q; we have that 
n(B,Q) = n is finite, thus by Lemma 1.3(ii), Proposition 1.2, and 
Lemma 1.4, B,Q has an abelian subgroup D of finite index. Thus 
[G : B,, D] < cc and D is a z-group. Now D is the direct product 
D = n D, of its p-primary parts. Since D, satisfies Min, it contains a 
minimal subgroup of finite index. Since n is finite, we may assume, by Lem- 
ma 1.3(ii), that D, contains no proper subgroup of finite index. Thus D 
contains no proper subgroup of finite index. 
We shall see that B,, D is abelian. Let q be a prime such that q # 71 and 
consider B, D. By Lemma 1.3(ii), Proposition 1.2, and Lemma 1.4, we have 
that B, D has an abelian normal subgroup M of finite index. Now 
[D:DnM]<co,henceD=DnMandDbM.Ontheotherhand,Mis 
the direct product M = l-J M, of its p-primary parts and it is easy to see 
that D=nptn Mp. Since D is characteristic in M, D 4 B, D. Thus B, D is 
abelian. Hence B,. D is abelian and [G : B,. D] < cc as we desired. 1 
2. THE MAIN RESULT 
The next lemma is well known (see [9, Lemma 6.3.3)). 
LEMMA 2.1. A group G has an abelian subgroup of finite index zff each 
countable subgroup has an abelian subgroup of finite index. 
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The next lemma is an easy generalization of [9, Lemma 12.4.11 and the 
proof is similar. 
LEMMA 2.2. Let K[G] be a regular group ring. Let u be a central idem- 
potent of K[G]. Zf uK[G] does not satisfy a polynomial identity, then there 
exists an irreducible uK[G]-module V (clearly V is an irreducible K[G]- 
module) with representation p: K[G] + End V, such that 
(i) PVXGI) = P(WGI) d oes not satisfy a polynomial identity. 
(ii) p(G) has no abelian subgroup of finite index. 
THEOREM 2.3. Let K[G] be a regular group ring. The Type Zr part of 
Q’(K[G]) is non-zero rff [G : d(G)] < co and Id(G)‘/ < 00. Furthermore, in 
this case the Type Zrpart of Q’(K[G]) is isomorphic to Q’(K[G/M]), where 
M = nL’ and the intersection is over all subgroups L of G of finite index. 
Proof Suppose that [G : d(G)] < cc and Id(G)‘1 < 00. It is easy to see 
that there exists N a nilpotent normal subgroup of G of finite index. By 
Proposition 1.1 and [S, Theorem 6.11, the Type I part of Qr( K[ G] ) is 
&? IM( -’ Q’(K[G]) and is isomorphic to Qr( K[G/M]). Furthermore 
Qr( K[ G/M] ) is Type I,. bounded. 
Now suppose that the Type I, part of Q’(K[G]) is non-zero. Suppose 
that [G : d(G)] = cc or IA(G)‘1 = co. By Lemma 1.3(iii), there exists G1 a 
subgroup of G of finite index, and there exists v E K[G,] a non-zero central 
idempotent such that vK[G,] has bounded index of nilpotence and 
SuppvcZ(G,). It is easy to see that [G, : d(G,)] = cc or Id(G,)‘l = cc. 
Thus, by [9, Theorem 5.3.153, vK[G,] does not satisfy a polynomial iden- 
tity. By Lemma 2.2, there exists an irreducible vK[G,]-module V with 
representation p: K[ G, ] + End V such that p(G,) has no abelian subgroup 
of finite index. 
Since oK[G,] has bounded index of nilpotence, by [2, Corollary 7.101, 
V is finite dimensional over its commuting ring D. By [7, Lemma 2.41, 
p(G,) satisfies Min-p for all primes p. By Lemma 1.4, [p(G,) : d(p(G,))] 
= co or Id(p(G,))‘I = cc. On the other hand, if cp: K[G,] + K[p(G,)] is 
the natural projection, it is easy to see that q(v) is a non-zero central idem- 
potent of K[p(G,)] with Supp q(u) s Z(p(G,)). By [2, Proposition 7.71, 
q(u) K[p(G, )] has bounded index of nilpotence. By [2, Corollary 7.4 and 
Theorems 7.20 and 10.241, the Type I, part of Q’( K[p(G, )] ) is non-zero. 
Consider all the (G, u, D, V) where G is a counterexample for the 
theorem, u is a non-zero central idempotent of K[G] such that vK[G] has 
bounded index of nilpotence and Supp v c_ Z(G), D is a K-division algebra, 
and V is a (right) vector space of finite dimension over D such that G is a 
subgroup of D-linear transformations of V. Then V is a K[G]-module and 
we require also that XV = I for all x E V. 
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We have seen that if there is a counterexample G, then (p(G,), q(v), 
D, I’) is one of the 4-tuples considered. 
Now we choose one 4-tuple (G, u, D, V) of these such that the dimension 
of I’ over D is minimal subject to the existence of a counterexample. By [7, 
Lemma 2.41, G satisfies Min-p for all primes p, so by Lemmas 1.3(ii), 1.4, 
and 2.1 we may assume that G is a countable group. 
We shall see that every subgroup of finite index of G acts indecom- 
posably on V. 
Let H be a subgroup of finite index of G. Suppose that H acts decom- 
posably on V, that is, V = V, @ V,, where each Vi is non-zero and H-in- 
variant. I 
We fix one V, = W, let p: K[H] + End W be its representation, and E: 
K[ H] -+ K[ H/C,( W)] the natural projection, (C,( W) = {h E H: wh = w 
for all w E W}). We consider G, = H( Supp u), then (G,, v, D, V) is one of 
the 4-tuples considered because [G : G,] < co. Set u = c,“= i ajg, where 
a, E K[H] and Gz = Hg, v ... v Hg, with gj E (Supp v). 
If p(n,(ug,-I)) =0 for all j, then Wv=O, but WV= W, a contradiction, 
thus there exists j such that p(n,(vg,-‘)) #O. Now, it is easy to see that 
af(w,-‘NfO. 
Set c1= xJug,: ‘). Since Supp u E Z(G), we have that Sup c( E Z(H). Now 
there exists b E K[ (Supp cr)] such that a”/? = tl. Set w = a/?, so w is a non- 
zero central idempotent of K[H]. The restriction of E over wK[H] gives 
E: wK[ H] -+ E(W) K[ H/C,( W)] 
an epimorphism of regular rings. 
We note that E( iv) is non-zero and we shall see that E(W) K[H/C,( W)] 
has bounded index of nilpotence. 
Let t E E(W) K[H/C,( W)] be an element such that 
t” #O and t”+’ =O. 
By [2, Lemma 7.61, there exists s E wK[ H] such that Y+ ’ = 0 and E(S) = t. 
Consider us, if (us)” = 0, then 
vsn = 0 (since UEZ(K[G])), 
ug,- 1ps” = 0, 
and 
7t,(ug,: ‘) jw = 0. 
But n,(vg,- ‘)/I = c$ = w and s E wK[H], thus ws” = S” = 0, a contradiction, 
hence (US)” # 0, and clearly (us)” + ’ = UY + ’ = 0. Since vK[G] has bounded 
index of nilpotence, so has E(W) K[H/C,( W)]. 
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Now the minimality of dim. V shows that 
[H/C,( IV): d(H/C,( IV))] < co and Id(H/C,( IV))‘1 < co. 
By [7, Lemma 2.41, H/C,(W) satisfies Min-p for all primes p. Thus, by 
Lemma 1.4, H/C,( IV) has an abelian subgroup of finite index. Then, since 
C,( V,) n C,( V2) = ( 1 ), H is abelian-by-finite, and since [G : H] < co, so 
is G, a contradiction, thus every subgroup of finite index of G acts 
indecomposably on V. 
By [3. Theoreme 1.31 we may assume that char K = 0. By [S, Theorem] 
and [9, Theorem 6.3.21, there exists a metabelian subgroup G, of G of 
finite index. Now, by [7, Lemma 2.41, every finite abelian normal sub- 
group of G, is cyclic. It is easy to see that G; is locally cyclic. So, by 
Lemma 1.3(ii) and Lemma 1.5, G, is abelian-by-finite, a contradiction, thus 
there are no counterexamples and the theorem is proved. 1 
We have now easily the following 
COROLLARY 2.4. If K[G] is a regular group ring, then the following 
conditions are equivalent: 
(i) G is abelian-by-finite. 
(ii) Q’(K[G]) is Type I, bounded. 
(iii) Q’(K[G]) is Type I,. 
Let R be a ring. If a right ideal Z of R is essential in R, we write IQ e R. If 
S is a subring of R and XE R, we denote by (x : S) the set (x : S) = {ye S: 
xy E S}. We note that (x : S) is a right ideal of S. Let A4 be a right (left) 
R-module. If A is a subset of M, we denote by rR(A)(IR(A)) the set rR(A) = 
{rER: ar=O for all aeA} (l,(A)= {rER: ra=O for all aEA}). We note 
that rR(A) (l,(A)) is a right (left) ideal. 
The next results are due to Menal and they are unpublished. 
LEMMA 2.5 (Menal). Let R be a non-singular ring such that 
Qr( R) = Q’(R). If S is a subring of R such that R is a right non-singular 
S-module and a flat left S-module, then 
(i) QTs) s Q’(R). 
(ii) rfZ<,Q’(S) then ZQ’(R)<, Q”(R). 
Proof. Set Q = Q’(R). First we claim that Q is a right non-singular 
S-module. Suppose not, and choose x E Q with rs(x) < e S. Then, since R is 
a right non-singular S-module, I,(r,(x)) = 0. Since Q’(R) = Q’(R), by [ 10, 
Theorem 3.31 we have r,(x)R <, R. But Q is a right non-singular 
R-module, thus x = 0 as claimed. 
Since Q is an injective right R-module and R is a flat left S-module, by 
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[2, Lemma 6.171, Q is an injective right S-module. Therefore the set 
(x E Q: (x : S) <, S} is a subring of Q which is a maximal right quotient 
ring of S. Hence (i) follows. 
(ii) Since Q is a right non-singular S-module, we see that Q is also non- 
singular as a right Q’(S)-module. But then I,(ZQ) = 0. Since Q is right self- 
injective we have that ZQ 6, Q. 1 
Let us write 9? for the class of those right non-singular rings R whose 
Type II part of Q’(R) is zero. 
In a regular ring R we say that two idempotents e,f of R are isomorphic, 
written e -f,ifeRgfR. 
PROPOSITION 2.6 (Menal). Let R be a right non-singular ring satisfying: 
(i) R contains no uncountable direct sum of non-zero right ideals. 
(ii) For each countable subring S of R there exists SE %, SE SC R 
such that R is a flat left g-module and a right non-singular S-module. 
Then Q’(R) = Q’(R) if and only if Qr( R) is Type I/. 
Proof: The “if” part is a well-known theorem of Roos [2, 
Corollary 10.251. 
Set Q = Q’(R). Let X be a countable set of idempotents in Q. We shall 
prove that there exists a subring of R, S (as in (ii)) such that 
Xs Qr(S) E Q. In order to prove this we may assume that 1 - e E X for all 
e E X. By (i) R contains no uncountable direct sum of non-zero right ideals, 
so there exists a countably generated right ideal Z, of R such that 
Z,Q <, eQ. For each e E X let Y, be a countable set generating Z, as a right 
ideal, and let S be the subring of R generated by u,, X Y,. By (ii) and 
Lemma 2.5(i) there exists a subring S, as in (ii), containing S and such that 
Qr(S) E Q. Now let e E X. By construction of S, there exists a sequence 
x, E S such that Cna i x,Q <, eQ. 
On the other hand Qr(S) is right self-injective so there exists an idem- 
potent e’ E Q’(S) with C, z, x, QYs) <, e’Q’($ and so C, 2I x,Qr($ 0 
(1 - e’) Q’(S) <, Qr(S). It follows from Lemma 2.5(ii) that C, B i x, Q @ 
(1-e’)Q<,Q and hence Cn3i x,Q <, e’Q. Then we see that eQ = e’Q. 
Since 1 - e E X we also obtain (1 - e)Q = f ‘Q for some idempotent f’ in 
Qr(S). Then e’Qr($ n f ‘Qr(s) = 0 and hence we may assume elf’ = 
~~J’e;J. But then 1 - e = f ‘( 1 - e) = f’ - f ‘e’e = f’ shows that e E Q’(S) as 
Let e E Q be an idempotent such that eQe is Type II. We must prove that 
e = 0. By [2, Proposition 10.281 for each n > 1 there exist isomorphic 
orthogonal idempotents fi,,, . . . . f,, E eQe such that I:=, f, = e. 
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Let x$,, JJ{,, be elements implementing the isomorphism f, w fin for all 
i, j, n. 
Define Y to be the (countable) set consisting of allfs, x’s and y’s. By [2, 
Proposition 10.281 eQe is a matrix ring for each n. Then it is easy to see 
that the ring eQe is generated by its nilpotent elements, and by [2, 
Proposition 3.31 eQe is a ring generated by its idempotents. Hence we can 
construct a countable set, X, of idempotents uch that Y is contained in the 
subring of Q generated by X. By the above there exists a subring 3, as in 
(ii), such that Xc Q’(s) E Q. 
Since Q is directly finite so is Qr(s). But j E e so Qr(s) is Type I,. 
Therefore eQr($e is Type I, and, by construction, it is an n x n matrix ring 
for all n 2 1. This is only possible in the case e = 0. 1 
COROLLARY 2.7 (Menal). Let K[G] be a regular group ring, Then 
Q’(K[G])=Q’(K[G]) ifand only ifQ’(K[G]) is TypeI,.. 
Proof By [6, Proposition 2.41, K[G] contains no uncountable direct 
sum of non-zero right ideals. 
If S is a countable subring of K[G] then there exists a countable sub- 
group H of G such that S s K[H]. Now it is easy to see that K[G] is a 
right non-singular K[H]-module and a flat left K[H]-module, and clearly 
K[H] is right non-singular. By [4, Theorem 3.33 the Type II part of 
Qr( K[ H]) is zero. Therefore, by Proposition 2.6, Qr( K[G] ) = Q’( K[G] ) if 
and only if Qr( K[ G] ) is Type I,-. 1 
COROLLARY 2.8. Let K[G] be a regular group ring. Then Q’(K[G]) = 
Q’( K[G] ) if and only if G is abelian-by-Jinite. 
Proof: By Corollary 2.7 and Corollary 2.4. 1 
The final corollary generalizes [7, Theorem B]. 
COROLLARY 2.9. Let K[G] be a regular group ring. Then K[G] has a 
non-zero direct summand all of whose irreducible modules are finite dimen- 
sional over their commuting rings if and only if G is finite-by-(abelian-by- 
finite). In this case, the unique largest such direct summand is isomorphic to 
K[GfM], where M is the smallest normal subgroup of G with G/M abelian- 
by-finite. 
Proof By [3, Theoreme 2.3, Proposition 2.51 and Theorem 2.3. 1 
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